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MORITA EQUIVALENCE METHODS IN CLASSIFICATION OF
FUSION CATEGORIES
DMITRI NIKSHYCH
Abstract. We describe an approach to classification of fusion categories in
terms of Morita equivalence. This is usually achieved by analyzing Drinfeld
centers of fusion categories and finding Tannakian subcategories therein.
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1. Introduction
The purpose of this survey is to describe an approach to classification of fu-
sion categories using categorical duality (i.e., categorical Morita equivalence). This
duality is a categorical analogue of the following classical construction in algebra:
given a ring R and a left R-moduleM one has the ring R∗M := EndR(M) of R-linear
endomorphisms of M . We can view this ring as the dual ring of R with respect
to M . Two rings R and S are called Morita equivalent if Sop is isomorphic to
R∗M with respect to some progenerator module M (here S
op denotes the ring with
the opposite multiplication). It is well known that Morita equivalent rings have
equivalent Abelian categories of modules.
In the categorical setting one replaces rings by tensor categories, their modules
by module categories, and module endomorphisms by module endofunctors, see
Section 3.1 for definitions. Thus, given, a tensor category A and a left A-module
categoryM one has a new tensor category A∗M which we call categorically Morita
equivalent or dual to A with respect to M. If A is a fusion category and M is an
indecomposable semisimple A-module category then A∗M is also a fusion category.
One can produce new examples of fusion categories in this way. Namely, starting
with a known fusion category A one finds its module categories and construct
duals. For example, when A is a pointed (respectively, nilpotent) category (see
Definitions 2.7 and 2.19) the resulting dual categories form an important class of
fusion categories called group-theoretical (respectively, weakly group-theoretical )
categories.
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In the opposite direction, given a class of fusion categories (e.g., of a given
dimension) one can try to show that categories in this class are categorically Morita
equivalent to some well understood categories. In other words, one tries to classify
fusion categories up to a categorical Morita equivalence. Classification results of this
type for fusion categories of small integral dimension were obtained in [9, 12, 30].
The techniques used in these papers are based on recovering some group-theoretical
information about the Morita equivalnce class of a given fusion category.
In this paper we try to explain the ideas and methods used in the above clas-
sification. Of particular importance is the structural theory of braided categories.
This comes from the fact that the braided equivalence class of the Drinfeld center
of a fusion category is its complete Morita equivalence invariant, see Theorem 5.1.
This paper does not contain new results or proofs. Its only goal is to collect
relevant notions and facts in one place. In Sections 2, 3, and 4 we recall definitions
and basic facts about fusion categories, their module categories, and braided cat-
egories. In Section 5 we describe a connection between the structure of the center
of a fusion category A and the Morita equivalence class of A. These results are
applied to classification of fusion categories of low dimension in Section 6.
The author would like to thank Nicolas Andruskiewitsch, Juan Cuadra, and Blas
Torrecillas for organizing the conference “Hopf algebras and tensor categories” in
beautiful Almeria in July 2011 and for inviting him to write this survey. The author
is also grateful to the referee for useful comments.
The author’s work was partially supported by the NSF grant DMS-0800545.
2. Definitions and basic notions
Throughout this paper k denotes an algebraically closed field of characteristic
zero. All categories are assumed to be Abelian, semisimple, k-linear and have
finitely many isomorphism classes of simple objects and finite dimensional spaces
of morphisms. All functors are assumed to be additive and k-linear.
2.1. Definitions, basic properties, and examples of fusion categories. The
following definition was given in [11].
Definition 2.1. A fusion category over k is a rigid tensor category such that the
unit object 1 is simple.
That is, a fusion categoryA is a category equipped with tensor product bifunctor
⊗ : A×A → A, the natural isomorphisms (associativity and unit constraints)
aX,Y,Z : (X ⊗ Y )⊗ Z ∼−→ X ⊗ (Y ⊗ Z),(1)
lX : 1⊗X ∼−→ X, and rX : X ⊗ 1 ∼−→ X,(2)
satisfying the following coherence axioms:
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1. The Pentagon Axiom. The diagram
(3) ((W ⊗X)⊗ Y )⊗ Z
aW⊗X,Y,Z
tt❥❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
aW,X,Y ⊗idZ
**❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
(W ⊗ (X ⊗ Y ))⊗ Z
aW,X⊗Y,Z

(W ⊗X)⊗ (Y ⊗ Z)
aW,X,Y⊗Z

W ⊗ ((X ⊗ Y )⊗ Z) idW ⊗aX,Y,Z // W ⊗ (X ⊗ (Y ⊗ Z))
is commutative for all objects W, X, Y, Z in A.
2. The triangle axiom. The diagram
(4) (X ⊗ 1)⊗ Y aX,1,Y //
rX⊗idY
&&◆
◆◆
◆◆
◆◆
◆◆
◆
X ⊗ (1⊗ Y )
idX ⊗lY
xx♣♣
♣♣
♣♣
♣♣
♣♣
X ⊗ Y
is commutative for all objects X, Y in A.
The coherence theorem of MacLane states that every diagram constructed from
the associativity and unit isomorphisms commutes. We will sometimes omit asso-
ciativity constraints from formulas.
The rigidity condition means that for every object X of A there exist left and
right duals of X . Here a left dual of X is an object X∗ in A for which there exist
morphisms evX : X
∗ ⊗X → 1 and coevX : 1→ X ⊗X∗, called the evaluation and
coevaluation such that the compositions
X
coevX ⊗ idX−−−−−−−→ (X ⊗X∗)⊗X aX,X∗,X−−−−−→ X ⊗ (X∗ ⊗X) idX ⊗ evX−−−−−−→ X,(5)
X∗
idX∗ ⊗ coevX−−−−−−−−→ X∗ ⊗ (X ⊗X∗) a
−1
X,X∗,X−−−−−→ (X∗ ⊗X)⊗X∗ evX ⊗ idX∗−−−−−−−→ X∗(6)
are the identity morphisms. A right dual ∗X is defined in a similar way. Dual
objects are unique up to isomorphism. One has (∗X)∗ ∼= X ∼= ∗(X∗) for all objects
X in C. Also, there exist a (non-canoical) isomorphism X∗ ∼= ∗X for every X
(indeed, for a simple X both X∗ and ∗X are isomorphic to the unique simple
object Y such that 1 is contained in X ⊗ Y ).
For a fusion category A let Aop denote the fusion category with the opposite
tensor product.
Definition 2.2. Let A1, A2 be fusion categories. A tensor functor between A1
and A2 is a functor F : A1 → A2 along with natural isomorphisms
JX,Y : F (X)⊗ F (Y ) ∼−→ F (X ⊗ Y ) and ϕ : F (1) ∼−→ 1
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such that the diagrams
(7) (F (X)⊗ F (Y ))⊗ F (Z) aF (X),F (Y ),F (Z) //
JX,Y ⊗idF (Z)

F (X)⊗ (F (Y )⊗ F (Z))
idF (X)⊗JY,Z

F (X ⊗ Y )⊗ F (Z)
JX⊗Y,Z

F (X)⊗ F (Y ⊗ Z)
JX,Y⊗Z

F ((X ⊗ Y )⊗ Z) F (aX,Y,Z) // F (X ⊗ (Y ⊗ Z)),
(8) F (1)⊗ F (X) J1,X //
ϕ⊗idF (X)

F (1⊗X)
F (lX)

1⊗ F (X)
lF (X)
// F (X),
and
(9) F (X)⊗ F (1) JX,1 //
idF (X) ⊗ϕ

F (X ⊗ 1)
F (rX )

F (X)⊗ 1 rF (X) // F (X).
commute for all objects X, Y, Z in A1.
Definition 2.3. Let A and B be fusion categories and let F 1, F 2 : A → B be
tensor functors between fusion categories with tensor structures
J iX,Y : F
i(X)⊗ F i(Y ) ∼−→ F i(X ⊗ Y ), i = 1, 2.
A natural morphism η between F 1 and F 2 is called tensor if its components
ηX : F
1(X)→ F 2(X)
satisfy the commutative diagram
(10) F 1(X)⊗ F 1(Y ) ηX⊗ηY //
J1X,Y

F 2(X)⊗ F 2(Y )
J2X,Y

F 1(X ⊗ Y ) ηX⊗Y // F 2(X ⊗ Y ),
for all X, Y ∈ A.
Tensor autoequivalences of a fusion categoryA form a monoidal category denoted
Aut⊗(A).
Let G be a finite group and let G denote the monoidal category whose objects
are elements of G, morphisms are identities, and the tensor product is given by the
multiplication in G.
Definition 2.4. An action of G on a fusion category A is a monoidal functor
(11) T : G→ Aut⊗(A) : g 7→ Tg.
MORITA EQUIVALENCE METHODS 5
This means that for every g ∈ G there is a tensor autoequivalence Tg : A → A
and for any pair g, h ∈ G, there is a natural isomorphism of tensor functors
γg,h : Tg ◦ Th ≃ Tgh
satisfying usual compatibility conditions.
Note that for any fusion category A the functor
A → Aop : X 7→ X∗
is a tensor equivalence. Consequently, the functor
A → A : X 7→ X∗∗
is a tensor autoequivalence of A.
Definition 2.5. A pivotal structure on a fusion category A is a tensor isomorphism
ψ between the identity autoequivalence of A and the functor X 7→ X∗∗ of taking
the second dual. A fusion category with a pivotal structure is called pivotal.
In a pivotal category there is a notion of a trace of an endomorphism. Namely,
for f ∈ EndA(X) set:
(12) Tr(f) : 1
coevX−−−−→ X ⊗X∗ ψX◦f⊗idX∗−−−−−−−−→ X∗∗ ⊗X∗ evX∗−−−→ 1,
so that Tr(f) ∈ EndA(1) = k. The dimension of X ∈ A is defined by
(13) dX = Tr(idX).
Note that dX 6= 0 for every simple X . A pivotal structure (respectively, a pivotal
category) is called spherical if dX = dX∗ for all objects X .
Remark 2.6. It is not known whether every fusion category has a pivotal (or
spherical) structure. It is true for pseudo-unitary categories, see Proposition 2.34.
In particular it is true for categories of integer Frobenius-Perron dimension (Corol-
lary 6.2).
We say that a tensor functor F : A1 → A2 is injective if it is fully faithful and
surjective if for any object Y ∈ A2 there is an object X ∈ A1 such that Y is
isomorphic to a direct summand of F (X). In the latter case we call A2 a quotient
category of A.
By a fusion subcategory of a fusion category A we always mean a full tensor
subcategory A˜ ⊂ A such that if X ∈ A˜ is isomorphic to a direct summand of an
object of A˜ then X ∈ A˜. As an additive category, A˜ is generated by some of the
simple objects of A. It is known, see [10, Appendix F], that a fusion subcategory
of a fusion category is rigid; therefore, it is itself a fusion category.
Let Vec denote the fusion category of finite dimensional vector spaces over k. A
tensor functor A → Vec will be called a fiber functor.
Any fusion category A contains a trivial fusion subcategory consisting of multi-
ples of the unit object 1. We will identify this subcategory with Vec.
Definition 2.7. A fusion category is called pointed if all its simple objects are
invertible with respect to tensor product. For a fusion category A we denote Apt
the maximal pointed fusion subcategory of A.
We will denote A⊠B the tensor product of fusion categories A and B [7, Section
5]. The category A⊠B is obtained as the completion of the k-linear direct product
A⊗k B under direct sums and subobjects.
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2.2. First examples of fusion categories. Let G be a finite group.
Example 2.8. The following is the most general example of a pointed fusion cat-
egory. Let ω be a normalized 3-cocycle on G with values in k×, the multiplicative
group of the ground field. That is, ω : G × G × G → k× is a function satisfying
equations
(14) ω(g1g2, g3, g4)ω(g1, g2, g3g4) = ω(g1, g2, g3)ω(g1, g2g3, g4)ω(g2, g3, g4)
and
(15) ω(g1, 1, g2) = 1,
for all g1, g2, g3, g4 ∈ G.
Let VecωG denote the category of G-graded k-vector spaces with the tensor prod-
uct of objects U = ⊕g∈G Ug and V = ⊕g∈G Vg given by
(U ⊗ V )g =
⊕
xy=g
Ux ⊗ Vy , g ∈ G,
with the associativity constraint aU,V,W : (U ⊗ V ) ⊗ W ∼−→ U ⊗ (V ⊗ W ) on
homogeneous spaces U, V, W of degrees g1, g2, g3 ∈ G given by ω(g1, g2, g3) times
the canonical vector spaces isomorphism (U ⊗ V )⊗W ∼−→ U ⊗ (V ⊗W ).
For any g ∈ G let δg denote the corresponding simple object of VecωG. We have
δg ⊗ δh = δgh, g, h ∈ G.
Two categories VecωG and Vec
ω˜
G˜
are equivalent if and only if there is a group
isomorphism f : G → G˜ such that ω and ω˜ ◦ (f × f × f) are cohomologous 3-
cocycles on G.
When ω = 1 we will denote the corresponding pointed fusion category by VecG.
Example 2.9. Let Rep(G) be the category of finite dimensional representations of
G over k. It is a fusion category with the usual tensor product and associativity
isomorphisms. The unit object is the trivial representation. The left and right
dual objects of the representation V are both given by the dual representation V ∗.
Simple objects of Rep(G) are irreducible representations.
The category Rep(G) is pointed if and only if G is Abelian, in which case there
is a canonical equivalence Rep(G) ∼= VecĜ, where Ĝ is the group of characters of G.
Example 2.10. This is a generalization of Example 2.9. Let H be a semisimple
Hopf algebra over k (such an algebra is automatically finite dimensional) with the
comultiplcation ∆ : H → H ⊗H , antipode S : H → H , and counit ε : H → k [25].
The category Rep(H) of finite dimensional H-modules is a fusion category with the
tensor product of H-modules V, W being V ⊗k W with the action of H given by
h · (v ⊗ w) = ∆(h)(v ⊗ w), v ∈ V, w ∈W, h ∈ H.
The unit object is k with the action given by ε. The left dual of an H-module
V is the dual vector space V ∗ with an H-module structure given by 〈h.φ, v〉 =
〈φ, S(h).v〉.
Let H1, H2 be semisimple Hopf algebras. A homomorphism f : H1 → H2
of Hopf algebras induces a tensor functor F : Rep(H2) → Rep(H1). The functor
F is injective (respectively, surjective) if and only if f is surjective (respectively,
injective).
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Remark 2.11. Note that there is forgetful tensor functor Rep(H) → Vec, i.e., a
fiber functor. Conversely, if A is a fusion category that admits a fiber functor then
A ∼= Rep(H) for some semisimple Hopf algebra H [41].
Example 2.12. Similarly, if Q is a semisimple quasi-Hopf algebra then Rep(Q)
is a fusion category. In this case the assocativity constraint is determined by the
associatior Φ ∈ Q⊗Q⊗Q. The category VecωG from Example 2.8 is a special case
of such category.
Example 2.13. Let g be a finite dimensional simple Lie algebra and let gˆ be the
corresponding affine Lie algebra. For any k ∈ Z>0 let C(g, k) the category of highest
weight integrable gˆ−modules of level k is a fusion category, see e.g. [3, Section 7.1]
where this category is denoted Ointk .
2.3. Group theoretical constructions: extensions and equivariantizations.
For a fusion category A let O(A) denote the set of (representatives of isomorphism
classes of) simple objects of A.
Definition 2.14. A grading of A by a group G is a map deg : O(A)→ G with the
following property: for all simple objects X, Y, Z ∈ A such that X ⊗ Y contains Z
one has degZ = degX · deg Y .
The name “grading” is also used for the corresponding decomposition
(16) A =
⊕
g∈G
Ag,
where Ag is the full additive subcategory generated by simple objects of degree
g ∈ G. We say that a grading is faithful if Ag 6= 0 for all g ∈ G. Note that the
trivial component Ae of the grading (16) is a fusion subcategory of A.
Definition 2.15. Let A be a fusion category. The adjoint subcategory Aad ⊂ A
is the fusion subcategory of A generated by objects X ⊗X∗, X ∈ O(A).
It was explained in [18] that there exists a group U(A), called the universal
grading group of A, and a faithful grading
A =
⊕
g∈U(A)
Ag with Ae = Aad.
This grading is universal in the sense that any faithful grading (16) of A is obtained
by taking a quotient of the group U(A).
Example 2.16. Let A = Rep(H), where H is a semisimple Hopf algebra. Let K
be the maximal Hopf subalgebra of H contained in the center of H . Then K is
isomorphic to the Hopf algebra of functions on U(Rep(H)). In other words, the
universal grading group of Rep(H) is the spectrum of K [18].
Definition 2.17. Let G be a finite group. We say that a fusion category A is a
G-extension of a fusion category B if there is a faithful G-grading of A such that
Ae ∼= B.
Remark 2.18. A classification of G-extensions of fusion categories is obtained in
[13]. Namely, G-extensions of a fusion category A correspond to homomorphisms
G → BrPic(A), where BrPic(A) is the Brauer-Picard group of A consisting of
invertible A-module categories, and certain cohomological data. See [13] for details.
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This theory extends the clasical theory of strongly graded rings (also known as
generalized crossed products) and their description using bimodules and crossed
systems.
Definition 2.19. A fusion category A is called nilpotent [18] if there is a sequence
of finite groups G1, . . . , Gn and a sequence of fusion subcategories of A:
A0 = Vec ⊂ A1 ⊂ · · · ⊂ An = A,
such that Ai is a Gi-extension of Ai−1, i = 1, . . . , n. The smallest such n is called
the nilpotency class of A. A nilpotent fusion category is called cyclically nilpotent
if all groups Gi are cyclic.
Remark 2.20. The category VecωG is nilpotent for any finite groupG (since pointed
fusion categories are precisely nilpotent fusion categories of class 1). The category
Rep(G) is nilpotent if and only if G is nilpotent.
Let G be a group acting on a fusion category A, see Definition 2.4.
Definition 2.21. A G-equivariant object in A is a pair (X, {ug}g∈G) consisting of
an objectX ofA together with a collection of isomorphisms ug : Tg(X) ≃ X, g ∈ G,
such that the diagram
Tg(Th(X))
Tg(uh)
//
γg,h(X)

Tg(X)
ug

Tgh(X)
ugh
// X
commutes for all g, h ∈ G. One defines morphisms of equivariant objects to be
morphisms in A commuting with ug, g ∈ G.
Equivariant objects in A form a fusion category, called the equivariantization of
A and denoted by AG. There is a natural forgetful tensor functor AG → A.
Example 2.22. Let G be a finite group.
(i) Consider Vec with the trivial action of G. Then VecG ∼= Rep(G).
(ii) More generally, let N be a normal subgroup of G. The corresponding action
of G/N on N induces an action of G/N on Rep(N). We have Rep(N)G/N ∼=
Rep(G).
(iii) Consider VecG with the action of G by conjugation. Then (VecG)
G ∼=
Z(VecG) is the center of VecG, cf. Example 4.10.
2.4. The Grothendieck ring and Frobenius-Perron dimensions. As before,
let O(A) denote the set of isomorphism classes of simple objects in a fusion cate-
gory A.
For any object X of A and any Y ∈ O(A) let [X : Y ] denote the multiplicty of
Y in X .
The Grothendieck ring K(A) of a fusion category A is generated by isomorphism
classes of objects X ∈ A with the addition and multiplication given by
X + Y = X ⊕ Y and XY = X ⊗ Y
for all X, Y ∈ A. Clearly, K(A) is a free Z-module with basis O(A).
Example 2.23. For the pointed fusion category VecωG from Example 2.8 we have
K(VecωG) = ZG.
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There exists a unique ring homomorphism FPdim : K(A) → R, called the
Frobenius-Perron dimension such that FPdim(X) > 0 for any 0 6= X ∈ A, see
[11, Section 8.1]. The number FPdim(X) is the largest positive eigenvalue (i.e., the
Frobenius-Perron eigenvalue) of the integer non-negative matrix
NX = (NZXY )Y,Z∈O(A),
where
X ⊗ Y ∼=
⊕
Z∈O(A)
NZXY Z.
For every object X ∈ A we have
FPdim(X) = FPdim(X∗).
For a fusion category A one defines (see [11, Section 8.2]) its Frobenius-Perron
dimension:
(17) FPdim(A) =
∑
X∈O(A)
FPdim(X)2.
We define the virtual regular object of A as
RA :=
∑
X∈O(A)
FPdim(X)X ∈ K(A)⊗Z R.
Note that RA is the unique (up to a non-zero scalar multiple) element of K(A)⊗ZR
such that XRA = RAX = FPdim(X)RA for all X ∈ K(A).
Clearly, FPdim(A) and FPdim(X) for non-zero X ∈ A are positive algebraic
integers. It was shown in [11, Corollary 8.54] that they are, in fact, cyclotomic
integers.
Definition 2.24. We say that a fusion category A is integral if FPdim(X) ∈ Z for
every object X ∈ A.
Remark 2.25. The Frobenius-Perron dimensions in categories considered in Ex-
amples 2.8 – 2.12 coincide with vector space dimensions, so these categories are
integral. Conversely, if A is an integral fusion category then A is equivalent to the
representation category of some semisimple quasi-Hopf algebra Q (note that this Q
is not unique) by [11, Theorem 8.33]. In this case we can view RA as an element
of K(A), namely as the class of the regular representation of Q.
Remark 2.26. Note a difference between Frobenius-Perron dimensions and di-
mensions defined by formula (12). The former takes values in R while the latter
take values in k. So these dimensions are not equal in general.
Theorem 2.27. Let F : A → B be a surjective tensor functor between fusion
categories. Then the ratio FPdim(A)/ FPdim(B) is an algebraic integer ≥ 1.
Proof. Note that F induces a surjective algebra homomorphism
f : K(A)⊗Z R → K(B)⊗Z R.
We have f(RA) = aRB for some non-zero a ∈ R. Computing the multiplicty of 1
in both sides of the last equality we have
a =
∑
X∈O(A)
FPdim(X)[F (X) : 1].
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On the other hand, since f preserves Frobenius-Perron dimensions, we have
a =
FPdim(RA)
FPdim(RB)
=
FPdim(A)
FPdim(B) .
Comparing last two equalities gives the result. 
Remark 2.28. In Theorem 2.27 one has FPdim(A) = FPdim(B) if and only if F
is an equivalence.
A consequence of Theorem 2.27 is the following formula for the Frobenius-Perron
dimension of the equivariantization category:
FPdim(AG) = |G| FPdim(A).
The following result is an analogue of Lagrange’s Theorem in theory of groups
and Hopf algebras, see [11, Proposition 8.15] and [15, Theorem 3.47].
Theorem 2.29. Let A be a fusion category and let B ⊂ A be a fusion subcategory.
Then the ratio FPdim(B)/ FPdim(A) is an algebraic integer ≤ 1.
In particular, if A is a faithful G-extension of B then
FPdim(A) = |G| FPdim(B).
2.5. Ocneanu’s rigidity. The statement that a fusion category cannot be de-
formed is known as the Ocneanu rigidity because its formulation and proof for
unitary categories was suggested (but not published) by Ocneanu. The following
result was proved in [11, Theorems 2.28 and 2.31].
Theorem 2.30. The number of fusion categories with a given Grothendieck ring is
finite. The number of (equivalence classes of) tensor functors between a fixed pair
of fusion categories is finite.
Remark 2.31. It follows from Theorem 2.30 that every fusion categoryA is defined
over an algebraic number field. That is, the structure constants (6j symbols) of A
can be written using algebraic numbers. Therefore, for any g ∈ Gal(Q¯/Q) there
is a category g(A), the Galois cojugate of A obtained from A by conjugating its
structure constants (6j symbols) by g.
Corollary 2.32. For every positive number M the number of fusion categories
whose Frobenius-Perron dimension is ≤M is finite.
Proof. In view of Theorem 2.30 it suffices to show that the number of possible
Grothendieck rings of fusion categories of Frobenius-Perron dimension≤M is finite.
For any simple objects X, Y, Z let NZXY denote the multiplicity of Z in X ⊗ Y . In
any fusion category of Frobenius-Perron dimension ≤M we have
NZXY ≤
FPdim(X)FPdim(Y )
FPdim(Z)
≤ M FPdim(Y )
FPdim(Z)
,
whence (NZXY )
2 = NZXYN
Y
X∗Z ≤M2. Thus the structure constants of the Grothen-
dieck rings of the above class of fusion categories are uniformly bounded by M , so
there are finitely many Grothendieck rings. 
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2.6. Categorical dimension and pseudo-unitary categories. Let A be a fu-
sion category and let X be an object of A. Given a morphism aX : X → X∗∗ we
define its trace Tr(aX) similarly to how it was done in (12):
Tr(aX) : 1
coevX−−−−→ X ⊗X∗ aX⊗idX∗−−−−−−→ X∗∗ ⊗X∗ evX−−→ 1.
If X is simple and aX : X → X∗∗ is an isomorphism then Tr(aX) 6= 0 and the
quantity |X |2 = Tr(aX)Tr((a−1X )∗) 6= 0 does not depend on the choice of aX (here
|X |2 is regarded as a single symbol and not as the square of a modulus).
Define the categorical dimension of A by
(18) dim(A) =
∑
X∈O(A)
|X |2.
Suppose k = C, the field of complex numbers. Then one can show that |X |2 > 0
for every simple object X in A and, consequently,
(19) dim(A) 6= 0
for any fusion category A, see [11, Theorem 2.3]. Furthermore, for every simple
X ∈ A one has
(20) |X |2 ≤ FPdim(X)2
(see [11, Proposition 8.21]) and, hence, the categorical dimension of A is dominated
by its Frobenius-Perron dimension :
(21) dim(A) ≤ FPdim(A).
Definition 2.33. A fusion category A over C is called pseudo-unitary if its cate-
gorical and Frobenius-Perron dimensions are equal, i.e., dim(A) = FPdim(A).
It follows from (20) that if A is pseudo-unitary then |X |2 = FPdim(X)2 for every
simple object X .
It is known [14] that in any fusion category there is a canonical natural tensor
isomorphism gX : X
∼−→ X∗∗∗∗. Let aX : X ∼−→ X∗∗ be a natural isomorphism such
that aX∗∗ ◦ aX = gX (i.e., aX is a square root of gX). For all X, Y, V ∈ O(A) let
(22) bVXY : HomA(V, X ⊗ Y ) ∼−→ HomA(V ∗∗, X∗∗ ⊗ Y ∗∗)
be a linear isomorphism such that
aX ⊗ aY =
⊕
V ∈O(A)
bVXY ⊗ aV .
Note that the source and target of (22) are canonically isomorphic so that we can
regard bVXY as an automorphism of HomA(V, X⊗Y ). The natural isomorphism aX
is tensor (i.e., is a pivotal structure) if and only if bVXY = id for all X, Y, V ∈ O(A).
Since aX is a square root of a tensor isomorphism gX we see that (b
V
XY )
2 = id.
The integers
NVXY = dimC HomA(V, X ⊗ Y ) and T VXY = Trace(bVXY ),
where Trace denotes the trace of a linear transformation, satisfy inequality
(23) |T VXY | ≤ NVXY .
The equality T VXY = N
V
XY occurs if and only b
V
XY = id, i.e., if and only if aX is a
pivotal structure.
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For any X ∈ O(A) let dX = Tr(aX) then
dXdY =
∑
V ∈O(A)
T VXY dV .
Furthermore, |X |2 = |dX |2 for every X ∈ O(A).
Proposition 2.34. A pseudo-unitary fusion category admits a unique spherical
structure aX : X
∼−→ X∗∗ with respect to which dX = FPdim(X) for every simple
object X.
Proof. Let A be a pseudo-unitary fusion category. Let gX : X ∼−→ X∗∗∗∗ be a tensor
isomorphism and aX : X
∼−→ X∗∗ be its square root as above. The idea of the proof
is to twist gX by an appropriate tensor automorphism of the identity endofuctor
of A in such a way that the dimensions corresponding to the square root of the
resulting isomorphism become positive real numbers.
We have |dX | = FPdim(X) for any simple object X , therefore, using (23) we
obtain:
FPdim(X)FPdim(Y ) = |dXdY | = |
∑
V ∈O(A)
T VXY dV |
≤
∑
V ∈O(A)
NVXY FPdim(V ) = FPdim(X)FPdim(Y ),
for all X, Y ∈ O(A). Hence, the inequality in the above chain is an equality, i.e.,
T VXY = ±NVXY and the ratio dXdYdV is a real number whenever NVXY 6= 0. Thus,
d2Xd
2
Y
d2
V
is a positive number whenever V is contained in X ⊗ Y .
The latter property is equivalent to σX :=
|dX|
2
d2
X
idX being a tensor automorphism
of the identity endofunctor of A. Let us replace gX by gX ◦ σX (so it is still
a tensor isomorphism X
∼−→ X∗∗∗∗). The square root of the latter is aX ◦ τX ,
where τX =
|dX|
dX
idX . The dimensions corresponding to aX ◦ τX are now such that
dX = |dX |, i.e., are positive real numbers. This forces T VXY = NVXY . Thus, aX ◦ τX
is a spherical structure on A. 
3. Module categories and categorical Morita equivalence
3.1. Definitions and examples. Let A be a fusion category.
Definition 3.1. A left module category over A is a categoryM equipped with an
action (or module product) bifunctor ⊗ : A×M→M along natural isomorphisms
(24) mX,Y,M : (X ⊗ Y )⊗M ∼−→ X ⊗ (Y ⊗M),
and
(25) uM : 1⊗M ∼−→M,
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called module associativity and unit constraints such that the the following dia-
grams:
(26) ((X ⊗ Y )⊗ Z)⊗M
aX,Y,Z⊗idM
tt❥❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
mX⊗Y,Z,M
**❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
(X ⊗ (Y ⊗ Z))⊗M
mX,Y⊗Z,M

(X ⊗ Y )⊗ (Z ⊗M)
mX,Y,Z⊗M

X ⊗ ((Y ⊗ Z)⊗M) idX ⊗mY,Z,M // X ⊗ (Y ⊗ (Z ⊗M))
and
(27) (X ⊗ 1)⊗M mX,1,M //
rX⊗idM
''◆
◆◆
◆◆
◆◆
◆◆
◆◆
X ⊗ (1⊗M)
idX ⊗uM
ww♣♣♣
♣♣
♣♣
♣♣
♣♣
X ⊗M
commute for all objects X,Y, Z in A and M in M.
Definition 3.2. Let M and N be two module categories over A with module
associativity constraints m and n, respectively. An A-module functor from M to
N is a pair (F, s), where F :M→N is a functor and
sX,M : F (X ⊗M)→ X ⊗ F (M),
is a natural isomorphism such that the following diagrams
(28)
F ((X ⊗ Y )⊗M)
F (mX,Y,M )
tt❤❤❤❤
❤❤❤
❤❤❤
❤❤❤
❤❤
❤❤
sX⊗Y,M
**❱❱❱
❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱
❱
F (X ⊗ (Y ⊗M))
sX,Y⊗M

(X ⊗ Y )⊗ F (M)
nX,Y,F (M)

X ⊗ F (Y ⊗M) idX ⊗sY,M // X ⊗ (Y ⊗ F (M))
and
(29) F (1⊗M) s1,M //
F (lM ) %%❑
❑❑
❑❑
❑❑
❑❑
❑
1⊗ F (M)
lF (M)yyss
ss
ss
ss
ss
F (M)
commute for all X,Y ∈ C and M ∈ M.
A module equivalence of A-module categories is an A-module functor that is an
equivalence of categories.
Definition 3.3. A morphism between A-module functors (F, s) and (G, t) is a
natural transformation ν from F to G such that the following diagram commutes
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for any X ∈ A and M ∈ M:
(30) F (X ⊗M) sX,M //
νX⊗M

X ⊗ F (M)
idX ⊗νM

G(X ⊗M) tX,M // X ⊗G(M).
An A-module category is called indecomposable if it is not equivalent to a direct
sum of two non-trivial A-module categories.
Every A-module category is completely reducible, i.e., if M is an A-module
category and N ⊂ M is a full A-module subcategory then there exists a full A-
module subcategory N ′ ⊂M such that M = N ⊕N ′.
A typical example of a left A-module category is the category AA of right mod-
ules over a separable algebra A in A [34].
Example 3.4. Let G be a finite group and let L ⊂ G be a subgroup, and let
ψ ∈ Z2(L, k×) be a 2-cocycle on L. By definition, a projective representation of L
on a vector space V with the Schur multiplier ψ is a map ρ : G→ GL(V ) such that
ρ(gh) = ψ(g, h)ρ(g)◦ρ(h) for all g, h ∈ L. Let Repψ(L) denote the abelian category
of projective representations of L with the Schur multiplier ψ. The usual tensor
product and associativity and unit constraints determine on Repψ(L) the structure
of a Rep(G)-module category. It is known that any indecomposable Rep(G)-module
category is equivalent to one of this form [34].
Example 3.5. Let C = VecG, where G is a group. In this case, a module category
M over C is an abelian category M with a collection of functors
Fg : M 7→ δg ⊗M :M→M,
along with a collection of tensor functor isomorphisms
ηg,h : Fg ◦ Fh → Fgh, g, h ∈ G,
satisfying the 2-cocycle relation: ηgh,k ◦ ηgh = ηg,hk ◦ ηhk as natural isomorphisms
Fg ◦ Fh ◦ Fk ∼−→ Fghk for all g, h, k ∈ G.
Thus, a module category over VecG is the same thing as an abelian category
with an action of G, cf. Definition 2.4.
Let us describe indecomposable VecG-module categories explicitly. In any such
category M the set of simple objects is a transitive G-set X = G/L, where a
subgroup L ⊂ G is determined up to a conjugacy. Let us identify the space of
functions Fun(G/L, k×) with the coinduced module CoindGL k
×. The VecG-module
associativity constraint on M defines a function
Ψ : G×G→ CoindGL k×.
The pentagon axiom (26) says that Ψ ∈ Z2(G, CoindGL k×). Clearly, the equivalence
class of M depends only on the cohomology class of Ψ in H2(G, CoindGL k×). By
Shapiro’s Lemma the restriction map
Z2(G, CoindGL k
×)→ Z2(L, k×) : Ψ 7→ ψ
induces an isomorphism H2(G, CoindGL k
×)
∼−→ H2(L, k×).
Thus, an indecomposable VecG-module category is determined by a pair (L, ψ),
where L ⊂ G is a subgroup and ψ ∈ H2(L, k×). Let M(L, ψ) denote the corre-
sponding category.
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Remark 3.6. Note that indecomposable Rep(G)-module categories in Example 3.4
and indecomposable VecG-module categories in Example 3.5 are parameterized by
the same data. We will see in Section 3.2 that this is not merely a coincidence.
Example 3.7. This is a generalization of Example 3.5. Here we describe in-
decomposable module categories over pointed fusion categories. Recall that the
latter categories are equivalent to VecωG for some finite group G and a 3-cocycle
ω ∈ Z3(G, k×).
Equivalence classes of indecomposable right VecωG-module categories correspond
to pairs (L, ψ), where L is a subgroup of G such that ω|L×L×L is cohomologically
trivial and ψ ∈ C2(L, k×) is a 2-cochain satisfying δ2ψ = ω|L×L×L. The corre-
sponding VecωG-module category is constructed as follows. Given a pair (L, ψ) as
above define an algebra
(31) A(L,ψ) =
⊕
a∈L
δa
in VecωG with the multiplication
(32)
⊕
a,b∈L
ψ(a, b) idδab : A(L, ψ)⊗A(L, ψ)→ A(L, ψ).
Let M(L, ψ) denote the category of left A(L, ψ)-modules in VecωG. Any VecωG-
module category is equivalent to some M(L, ψ).
Remark 3.8. Two VecωG-module categoriesM(L, ψ) andM(L′, ψ′) are equivalent
if and only if there is g ∈ G such that L′ = gLg−1 and and ψ′ is cohomologous to
ψg in H2(L′, k×), where ψg(x, y) := ψ(gxg−1, gyg−1) for all x, y ∈ L. Here we
abuse notation and identify ψ and ψ′ with cocylces representing them.
Example 3.9. LetH be a semisimple Hopf algebra. Example 3.5 was generalized in
[2] where it was shown that indecomposable Rep(H)-module categories are classified
by left H-comodule algebras that are H-simple from the right and with the trivial
space of coinvariants. This is another generalization of Example 3.5.
Here is an other generalization of Example 3.5.
Let H be a semisimple Hopf algebra and let B ⊂ A be a left faithfully flat H-
Galois extension with B semisimple. LetMB andMH denote the fusion categories
of right B-modules and right H-comodules, respectively. Recall that the category
of right Hopf (H, A)-modules MHA is by denition the category of right A-modules
overMH . By Schneider’s structure theorem [38] the functor
MB → (MH)A :M 7→M ⊗B A,
is a category equivalence with inverse M → M coH , where M coH denotes the sub-
space of coinvariants. So MB has an MH -module category structure.
3.2. Duality for fusion categories and categorical Morita equivalence. Let
A be a fusion category and let M be an indecomposable left A-module category.
The category A∗M of A-module endofunctors ofM has a tensor category structure
with a tensor product given by the composition of functors and the unit object
being the identity functor. It is also a rigid category with the duals of a functor
being its adjoints (thanks to the rigidity of A an adjoint of an A-module functor
has a natural A-module functor structure).
It was shown in [11, Theorem 2.18 ] that A∗M is a fusion category. The category
A∗M is called the dual category of A with respect to M. Furthermore, M has
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a natural structure of an A∗M-module category and there is a canonical tensor
equivalence
(A∗M)∗M ∼= A.
The Frobenius-Perron dimension is invariant under duality, i.e.,
(33) FPdim(A) = FPdim(A∗M).
Example 3.10. Let A be a separable algebra in A and let M be the category
of right A-modules in A. Then (A∗M)op is tensor equivalent to the category of
A-bimodules in A. The tensor product of the latter category is ⊗A and the unit
object is the regular A-module.
Definition 3.11. Let A, B be fusion categories. We say that A and B are categori-
cally Morita equivalent if there is an A-module categoryM such that B ∼= (A∗M)op.
It was shown in [29] that categorical Morita equivalence is indeed an equivalence
relation.
Remark 3.12. The class of integral fusion categories (see Definition 2.24) is closed
under Morita equivalence [11, Theorem 8.35].
Given a pair of left A-module categories let FunA(M, N ) denote the category
of A-module functors from M to N . In particular, A∗M = FunA(M, M). The
assignment
N 7→ FunA(M, N )
defines a 2-equivalence between the 2-category of left A-module categories and that
of right A∗M-module categories [15, 28]. This explains the observation we made in
Remark 3.6.
Below we give examples of categorical Morita equivalence.
Example 3.13. Any fusion category A can be viewed as the regular left module
category over itself. It is easy to see that in this case left A-module functors are
precisely functors of the right multiplication by objects of A, whence A∗A = Aop.
Example 3.14. Any fusion category A can be viewed as an A ⊠ Aop-module
category with the actions of A given by left and right tensor multiplications. The
dual category (A⊠Aop)∗A is the center of A, see Section 4.3 below.
Example 3.15. Let G be a finite group and let A = VecG be the category of
G-graded vector spaces. The category Vec is a VecG-module category via the for-
getful tensor functor VecG → Vec. Let us determine the dual category (VecG)∗Vec.
Unfolding the definition of a module functor, we see that a VecG-module endofunc-
tor F : Vec → Vec is determined by a vector space V := F (k) and a collection of
isomorphisms
πg ∈ HomVec(F (δg ⊗ k), δg ⊗ F (k)) = Endk(V ), g ∈ G.
It follows from axiom (28) in Definition 3.2 of module functor that the map
g 7→ πg : G→ GL(V )
is a representation of G on V . Conversely, any such representation determines a
VecG-module endofunctor of Vec. It is easy to check that homomorphisms of rep-
resentations are precisely morphisms between the corresponding module functors.
Thus, (VecG)
∗
Vec
∼= Rep(G), i.e., the categories VecG and Rep(G) are categorically
Morita equivalent.
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Example 3.16. This is a generalization of the previous example. Let H be a
finite-dimensional Hopf algebra. The fiber functor Rep(H) → Vec makes Vec a
Rep(H)-module category and Rep(H)∗
Vec
∼= Rep(H∗). Thus, Rep(H) and Rep(H∗)
are categorically Morita equivalent. This means that categorical duality extends
the notion of Hopf algebra duality.
Example 3.17. Let G be a finite group and let g 7→ Tg be an action of G on
a fusion category A. The forgetful tensor functor AG → A turns A into an AG-
module fusion category. The dual category (AG)∗A is the crossed product category
A⋊G defined as follows. As an Abelian category A⋊G = A⊠ VecG. The tensor
product is given by
(34) (X ⊠ δg)⊗ (Y ⊠ δh) := (X ⊗ Tg(Y ))⊠ δgh, X, Y ∈ A, g, h ∈ G.
The unit object is 1⊠δe and the associativity and unit constraints come from those
of A.
Note that C ⋊G is a G-graded fusion category,
A⋊G =
⊕
g∈G
(A⋊G)g, where (A⋊G)g = C ⊗ (1⊠ δg).
In particular, A⋊G contains A = A⊗ (1⊠ δe) as a fusion subcategory.
In the case when A = Vec we recover the duality of Example 3.15.
3.3. (Weakly) group-theoretical fusion categories. In this Section we use
categorical Morita equivalence to introduce two classes of categories important for
classification of fusion categories of integer Frobenius-Perron dimension.
Definition 3.18. A fusion category is called group-theoretical if it is categorically
Morita equivalent to a pointed fusion category.
In other words, a group-theoretical fusion category is equivalent to (VecωG)
∗
M(L,ψ),
where M(L, ψ) is the VecωG-module category from Example 3.7.
Example 3.19. The category (VecωG)
∗
M(L,ψ) can be described quite explicitly in
terms of finite groups and their cohomology as the category of A(L,ψ)-bimodules
in VecωG, where A(L,ψ) is the algebra introduced in (31) (see [35, Proposition 3.1]).
For example, simple objects of (VecωG)
∗
M(L,ψ) can be described as follows.
For any g ∈ G the group Lg := L ∩ gLg−1 has a well-defined 2-cocycle
ψg(h, h′) : = ψ(h, h′)ψ(g−1h′−1g, g−1h−1g)ω(hh′g, g−1h′−1g, g−1h−1g)−1
×ω(h, h′, g)ω(h, h′g, g−1h′−1g), h, h′ ∈ Lg.
One can check that irreducible A(L,ψ)-bimodules in VecωG are parameterized by
pairs (Z, π), where Z is a double L-coset in G and π is an irreducible projective
representation of Lg with the Schur multiplier ψg, g ∈ Z.
Example 3.20. Let G, L be groups and let H be a semisimple Hopf algebra that
fits into an exact sequence
1→ kG → H → kL→ 1,
where kG is the commutative Hopf algebra of functions on G and kL is the cocom-
mutative group Hopf algebra of L (i.e., H is an extension of kL by kG). It was
shown in [30] that Rep(H) is a group-theoretical fusion category.
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Remark 3.21. The class of group-theoretical fusion categories is not closed under
equivariantizations [17, 33]. In particular, the class of Hopf algebras with group-
theoretical representation categories is not closed under Hopf algebra extensions.
The smallest example of a semisimple Hopf algebra whose representation cate-
gory is not group-theoretical has dimension 36 [33].
Remark 3.22. In view of Remark 3.12, group-theoretical categories are integral.
Recall that the notion of a nilpotent fusion category was defined in Section 2.3.
The following definition was given in [12].
Definition 3.23. A fusion category is weakly group-theoretical if it is categorically
Morita equivalent to a nilpotent fusion category. A fusion category is solvable if it
is categorically Morita equivalent to a cyclically nilpotent fusion category.
Here is a list of properties of solvable categories (see [12, Proposition 4.4]).
Proposition 3.24. (i) The class of solvable categories is closed under tak-
ing extensions and equivariantizations by solvable groups, Morita equiva-
lent categories, tensor products, subcategories and component categories of
quotient categories.
(ii) The categories VecG,ω and Rep(G) are solvable if and only if G is a solvable
group.
(iii) A braided nilpotent fusion category is solvable.
(iv) A solvable fusion category A 6= Vec contains a nontrivial invertible object.
Lemma 3.25. Let G be a finite group, let A be a G-extension of a fusion category
A0, and let B0 be a fusion category Morita equivalent to A0. There exists a G-
extension B of B0 which is Morita equivalent to A.
Proof. The proof is taken from [12, Lemma 3.4]. Let A be an algebra in A0 such
that B0 is equivalent to the category of A-bimodules in A0. Let B be the category
of A-bimodules in A (we can view A as an algebra in A since A0 ⊂ A). Then B
inherits the G-grading, thanks to A being in the trivial component of the G-graded
fusion category A. By construction, B is categorically Morita equivalent to A. 
Proposition 3.26. The class of weakly group-theoretical fusion closed is closed
under extensions and equivariantizations.
Proof. In view of Example 3.17 it is enough to prove the assertion about extensions.
Let A be a G-extension of a weakly group-theoretical fusion category A0. Let B0
be a nilpotent fusion category Morita equivalent to A0. Then by Lemma 3.25
there exists a nilpotent category B Morita equivalent to A, i.e., A is weakly group-
theoretical. 
Remark 3.27. Proposition 3.26 and the fact that the class of weakly group-
theoretical categories is closed under taking subcategories and quotient categories
were proved in [12, Proposition 4.1].
Remark 3.28. Since the Frobenius-Perron dimension of a fusion category is in-
variant under categorical Morita equivalence, cf. (33), we have FPdim(A) ∈ Z for
every weakly group-theoretical fusion category A.
Remark 3.29. Let A be a weakly group-theoreticsl fusion category. The following
Frobenius property of A was established in [12, Theorem 1.5]: for every simple
object X of A the ratio FPdim(A)/ FPdim(X) is an algebraic integer.
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Remark 3.30. Because of recursive nature of the definition of a nilpotent fusion
category it is usually not possible to describe weakly group-theoretical categories
as explicitly as group-theoretical ones, cf. Example 3.19. On the other hand, there
is a classification of module categories over a given graded fusion category in terms
of module categories over its trivial component [16, 24]. So, in principle, weakly
group-theoretical fusion categories can be described in terms of finite groups and
their cohomology.
Remark 3.31. The approach to classification of fusion categories used in this
paper consists of showing that categories of a given Frobenius-Perron dimension are
weakly group-theoretical. We do not attempt to classify weakly group-theoretical
categories of an arbitrary finite dimension (indeed, this would include, as a special
case, classification of finite groups).
4. Braided fusion categories
The notion of a braiding was introduced by A. Joyal and R. Street in [19].
4.1. Definitions and examples.
Definition 4.1. A braiding on a fusion category C is a natural isomorphism
cX,Y : X ⊗ Y ∼−→ Y ⊗X, X, Y ∈ C,
called a commutativity constraint, such that the following hexagon diagrams
(35)
X ⊗ (Y ⊗ Z) cX,Y⊗Z // (Y ⊗ Z)⊗X
aY,Z,X
((PP
PP
PP
PP
PP
PP
(X ⊗ Y )⊗ Z
aX,Y,Z
66♥♥♥♥♥♥♥♥♥♥♥♥
cX,Y ⊗idZ
((PP
PP
PP
PP
PP
PP
Y ⊗ (Z ⊗X)
(Y ⊗X)⊗ Z αY,X,Z // Y ⊗ (X ⊗ Z)
idY ⊗cX,Z
66♥♥♥♥♥♥♥♥♥♥♥♥
and
(36)
(X ⊗ Y )⊗ Z cX⊗Y,Z // Z ⊗ (X ⊗ Y )
a−1
Z,X,Y
((PP
PP
PP
PP
PP
PP
X ⊗ (Y ⊗ Z)
a−1
X,Y,Z
66♥♥♥♥♥♥♥♥♥♥♥♥
idX ⊗cY,Z
((PP
PP
PP
PP
PP
PP
(Z ⊗X)⊗ Y
X ⊗ (Z ⊗ Y )
a−1
X,Z,Y
// (X ⊗ Z)⊗ Y
cX,Z⊗idY
66♥♥♥♥♥♥♥♥♥♥♥♥
are commutative for all objects X, Y, Z in C.
For a braided fusion category C with the braiding cX,Y : X ⊗ Y ∼−→ Y ⊗X let
Crev denote the reverse category that coincides with C as a fusion category and has
braiding c˜X,Y := c
−1
Y,X .
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Definition 4.2. Let C1 and C2 be braided tensor categories whose braidings are
denoted c1 and c2, respectively. A tensor functor (F, J) from C1 to C2 is called
braided if the following diagram commutes:
(37) F (X)⊗ F (Y )
c2F (X),F (Y )
//
JX,Y

F (Y )⊗ F (X)
JY,X

F (X ⊗ Y ) F (c
1
X,Y )
// F (Y ⊗X)
for all object X,Y in C1.
Note that a tensor functor is a functor with an additional structure. For a tensor
functor to be braided is a property.
Let G be an Abelian group. By a quadratic form on G (with values in k×) we
will mean a map q : G→ k× such that q(g) = q(g−1) and the symmetric function
(38) b(g, h) :=
q(gh)
q(g)q(h)
is bimultiplivative, i.e., b(g1g2, h) = b(g1, h)b(g2, h) for all g, g1, g2, h ∈ G. We
will say that q is non-degenerate if the associated bicharacter b is non-degenerate.
The simplest way to construct a quadratic form onG is to start with a bicharacter
B : G×G→ k× and set
(39) q(g) := B(g, g), g ∈ G.
Definition 4.3. A pre-metric group is a pair (G, q) where G is a finite Abelian
group and q : G → k× is a quadratic form. A metric group is a pre-metric group
such that q is non-degenerate.
The relation between braided fusion categories and pre-metric groups is as fol-
lows. Let C be a pointed braided fusion category. Then C = VecωG for some Abelian
group G. Define a map q : G→ k× by
q(g) = cδg, δg ∈ Aut(δg ⊗ δg) = k×.
It is easy to see that q : G→ k× is a quadratic form. We thus have a functor:
F : (pointed braided fusion categories)→ (pre-metric groups).
It was shown by Joyal and Street in [19] that this functor is an equivalence. Under
this equivalence, braided tensor functors correspond to orthogonal (i.e., quadratic
form preserving) homomorphisms.
We will denote by C(G, q) the braided fusion category associated to the pre-
metric group (G, q).
Remark 4.4. When q is determined by a bicharacter B as in (39) we have
C(G, q) = VecG as a fusion category with the braiding given by
cδg , δh = B(g, h) idδgh .
Definition 4.5. A quasi-triangular structure on a Hopf algebra H is an invertible
element R ∈ H ⊗H such that for all x ∈ H ,
(40) R∆(x) = ∆op(x)R,
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where ∆op denotes the opposite comultiplication, and the following relations are
satisfied (in H ⊗H ⊗H):
(∆⊗ id)(R) = R13R23(41)
(id⊗∆)(R) = R13R12(42)
A Hopf algebra H equipped with a quasi-triangular structure is said to be a quasi-
triangular Hopf algebra.
Here for R =
∑
i ri ⊗ r′i we write R12 =
∑
i ri ⊗ r′i ⊗ 1 ∈ H ⊗H ⊗H , etc.
Given a semisimple quasi-triangular Hopf algebra H one turns Rep(H) into a
braided fusion category by setting
(43) cV⊗W : V ⊗W ∼−→W ⊗ V : v ⊗ w 7→ R21(w ⊗ v),
for all representations V, W of H and v ∈ V, w ∈W .
Note that the axiom (40) means that the map (43) is a morphism in Rep(H)
and axioms (41) and (42) are equivalent to c satisfying the hexagon axioms (35)
and (36). Conversely, any braiding on Rep(H) is determined by a quasi-triangular
structure.
4.2. Symmetric and Tannakian subcategories. A braided fusion category C
is called symmetric if cY,XcX,Y = idX⊗Y for all objects X,Y ∈ C; in this case the
braiding c is also called symmetric.
Example 4.6. The category Rep(G) of representations of a finite groupG equipped
with its standard symmetric braiding cX,Y (x ⊗ y) := y ⊗ x is an example of a
symmetric fusion category. Deligne [7] proved that any symmetric fusion category
is equivalent to a “super” generalization of Rep(G). Namely, let G be a finite group
and let z ∈ G be a central element such that z2 = 1. Then the fusion category
Rep(G) has a braiding c′X,Y defined as follows:
c′X,Y (x⊗ y) = (−1)mny ⊗ x if x ∈ X, y ∈ Y, zx = (−1)mx, zy = (−1)ny.
Let Rep(G, z) denote the fusion category Rep(G) equipped with the above braid-
ing. Equivalently, Rep(G, z) can be described as a full subcategory of the cat-
egory of super-representations of G; namely, Rep(G, z) consists of those super-
representations V on which z acts by the parity automorphism (i.e., zv = v if
v ∈ V is even and zv = −v if v ∈ V is odd).
For example, let G = Z/2Z and z be the nontrivial element of G. Then Rep(G, z)
is the category sVec of super-vector spaces.
A symmetric fusion category C is said to be Tannakian if there exists a finite
group G such that C is equivalent to Rep(G) as a braided fusion category. It is
proved in [7] that C is Tannakian if and only if it admits a braided fiber functor,
i.e., a braided tensor functor C → Vec.
The canonical fiber functor Rep(G)→ Vec is nothing but the functor forgetting
the G-module structure.
Note that for a symmetric category C its dimension FPdim(C) is always an integer
(more precisely, FPdim(Rep(G, z)) = |G|). In particular, if FPdim(C) is odd then C
is automatically Tannakian.
Remark 4.7. Let C = Rep(G, z) be a symmetric category. Then Rep(G/〈 z 〉) is a
Tannakian subcategory of C. In particular, a symmetric fusion category C 6∼= sVec
contains a non-trivial Tannakian subcategory.
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Example 4.8. The pointed braided fusion category C(G, q) associated to the pre-
metric group (G, q) is symmetric if and only if q is a homomorphism. The category
C(G, q) is Tannakian if and only if q = 1.
4.3. The Drinfeld center construction. We now give a construction which as-
signs to every fusion category A a braided fusion category Z(A), called the center
of A.
Explicitly, the objects of Z(A) are pairs (X, γ), where X is an object of A and
(44) γ = {γV : V ⊗X ∼−→ X ⊗ V }V ∈A
is a natural family of isomorphisms, called half-braidings, making the following
diagram commutative:
(45)
V ⊗ (X ⊗ U)
a−1
V,X,U
// (V ⊗X)⊗ U
γV ⊗idU
((PP
PP
PP
PP
PP
PP
V ⊗ (U ⊗X)
idV ⊗γU
66♥♥♥♥♥♥♥♥♥♥♥♥
a−1
V,U,X ((PP
PP
PP
PP
PP
PP
(X ⊗ V )⊗ U
(V ⊗ U)⊗X γV⊗U // X ⊗ (V ⊗ U)
a−1
X,V,U
66♥♥♥♥♥♥♥♥♥♥♥♥
.
The center has a canonical braiding given by
(46) c(X,γ), (X′,γ′) = γX′ : (X, γ)⊗ (X ′, γ′) ∼−→ (X ′, γ′)⊗ (X, γ).
Furthermore, there is an obvious forgetful tensor functor:
(47) F : Z(A) 7→ A : (X, γ) 7→ X.
We have
(48) FPdim(Z(A)) = FPdim(A)2 and dim(Z(A)) = dim(A)2,
where the Frobenius-Perron dimension FPdim(A) and categorical dimension dim(A)
were introduced in (17) and (18).
Let C be a braided fusion category with braiding cX,Y : X⊗Y ∼−→ Y ⊗X . There
are natural braided embeddings C, Crev →֒ Z(C) given by
X 7→ (X, c−,X) and X 7→ (X, c˜−,X).
They combine into a braided tensor functor
(49) G : C ⊠ Crev → Z(C).
We say that C is factorizable if the functor (49) is an equivalence.
Example 4.9. Let A be a finite Abelian group. There is canonical quadratic form
(50) q : A⊕A∗ → k× : (a, φ) 7→ φ(a), a ∈ A, φ ∈ A∗.
We have Z(VecA) ∼= C(A⊕A∗, q).
Example 4.10. More generally, let G be a finite group. The category Z(VecG)
is equivalent to the category of G-equivariant vector bundles on G, cf. Exam-
ple 2.22(iii). Here G acts on itself by conjugation. Explicitly, a G-equivariant
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vector bundle is a graded vector space V = ⊕g∈G Vg along with a collection of
isomorphisms φx,g : Vg → Vxgx−1 satisfying the compatibility condition
φx, ygy−1φy,g = φxy,g,
for all x, y, g ∈ G. Note that Z(VecG) contains a subcategory Rep(G) as the
bundles supported on the identity element of G.
Example 4.11. Let H be a semisimple Hopf algebra. Then
Z(Rep(H)) ∼= Rep(D(H)),
where D(H) is the Drinfeld double of H [21].
4.4. Ribbon fusion categories and traces.
Definition 4.12. A pre-modular fusion category is a braided fusion category equipped
with a spherical structure.
Below we give an equivalent description of pre-modular categories.
Definition 4.13. A twist (or a balanced transformation) on a braided fusion cate-
gory C is θ ∈ Aut(idC) such that
(51) θX⊗Y = (θX ⊗ θY )cY,XcX,Y
for all X, Y ∈ C. A twist is called a ribbon structure if (θX)∗ = θX∗ . A fusion
category with a ribbon structure is called a ribbon category.
Remark 4.14. The notion of a ribbon structure can be understood as a general-
ization of the notion of quadratic form. Indeed, let G be a finite Abelian group and
b : G×G→ k× be a bilinear form. As explained in Section 4.1, it defines a braiding
on C = VecG. The corresponding quadratic form defines a ribbon structure on C:
θδx = b(x, x) idδx , x ∈ G.
Let us define a natural transformation uX : X → X∗∗ as the composition
(52) X
idX ⊗ coevX∗−−−−−−−−→ X ⊗X∗ ⊗X∗∗ cX,X∗⊗idX∗∗−−−−−−−−−→ X∗ ⊗X ⊗X∗∗ evX ⊗ idX∗∗−−−−−−−→ X∗∗.
Then uX is an isomorphism satisfying the following balancing property:
(53) uX ⊗ uY = uX⊗Y cY,XcX,Y
or all X, Y ∈ C.
Clearly, any natural isomorphism ψX : X ≃ X∗∗ in a braided fusion category C
can be written as
(54) ψX = uXθX .
for some θ ∈ Aut(idC) It follows from (53) that ψ is a tensor isomorphism (i.e., a
pivotal structure on C) if and only if θ is a twist.
The above pivotal structure is spherical if an only if the corresponding twist
θ = ψu−1 is a ribbon structure. Thus, a ribbon fusion category is the same thing
as a pre-modular category.
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4.5. S-matrix of a pre-modular category. Let C be a pre-modular category
with a spherical structure ψ. Let O(C) denote the set of (isomorphism classes of)
simple objects of C. For all X, Y, Z ∈ O(C) let NZXY denote the multiplicity of Z
in X ⊗ Y .
We will idetify the correspoonding twist θ ∈ Aut(idC) with a collection of scalars
θX ∈ k×, X ∈ O(C). Let Tr and d denote the trace and dimension corresponding
to ψ.
Definition 4.15. Let C be a pre-modular category. The S-matrix of C is defined
by
(55) S := (sXY )X,Y ∈O(C) , where sXY = Tr(cY,XcX,Y ).
Remark 4.16. The S-matrix of C is a symmetric n-by-n matrix where n = |O(C)|
is the number of simple objects of C. It satisfies sX∗Y ∗ = sXY for all X,Y ∈ O(C).
We also have sX1 = s1X = dX .
Definition 4.17. ([40]) A pre-modular category C is said to be modular if its
S-matrix is non-degenerate.
Example 4.18. Let G be a finite Abelian group. Let q : G → k× be a quadratic
form onG and let b : G×G→ k× be the associated symmetric bilinear form. The S-
matrix of the corresponding pointed premodular category C(G, q) (see Section 4.1)
is {b(g, h)}g,h∈G. Thus, C(G, q) is modular if and only if q is non-degenerate.
Let C be a pre-modular category.
Proposition 4.19. We have
(56) sXY = θ
−1
X θ
−1
Y
∑
Z∈O(C)
NZXY θZdZ .
for all X,Y ∈ O(C).
Proof. Apply Tr to both sides of formula (51). The right hand side is equal to
θXθY sXY while the left hand side is equal to
Tr(θX⊗Y ) =
∑
Z∈O(C)
NZXY Tr(θZ idZ)
=
∑
Z∈O(C)
NZXY θZdZ ,
where we used additivity of Tr. 
Remark 4.20. When C = C(G, q) the relation (56) between the twist and S-matrix
of a premodular category generalizes the relation (38) between the quadrtaic form
and associated bilinear form.
The elements of S-matrix satisfy the following Verlinde formula (see [3, Theorem
3.1.12], [27, Lemma 2.4 (iii)] for a proof):
(57) sXY sXZ = dX
∑
W∈O(C)
NWYZsXW , X, Y, Z ∈ O(C).
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Remark 4.21. Formula (57) can be interpreted as follows. For any fixed X ∈ O(C)
the map
(58) hX : Y 7→ sXY
dX
, Y ∈ O(C)
gives rise to a ring homomorphism K(C)→ k which we will also denote hX . That
is, simple objects of C give rise to characters of the Grothendieck ring K(C). We
have h1(Y ) = dY .
The characters satisfy the following orthogonality relation:
(59)
∑
X∈O(C)
hY (X)hZ(X
∗) = 0 for Y 6∼= Z.
The following result is due to Anderson, Moore, and Vafa [1, 42].
Theorem 4.22. Let C be a premodular category. Let θ be the twist of C. Then θX
is a root of unity for all X ∈ C.
4.6. Modular categories. The categorical dimension of a fusion category C was
defined in (18). When C is premodular we have
(60) dim(C) =
∑
X∈O(C)
d2X ,
where d is the dimension associated to the spherical structure of C.
Let E = {EXY }X,Y ∈O(C) be the square matrix such that EXY = 1 if X = Y ∗
and EXY = 0 otherwise.
Proposition 4.23. Let C be a modular category and S be its S-matrix. Then
S2 = dim(C)E.
Proof. Since S is non-degenerate, the equality hY = hZ for Y, Z ∈ O(C) holds if
and only if Y = Z, where hY : K(C)→ k are the characters defined in (58).
Suppose Y 6= Z. Using (59) we have∑
X∈O(C)
sXY sXZ∗ =
∑
X∈O(C)
sXY sX∗Z = 0
It remains to check that
∑
X∈O(C) sXY sXY ∗ = dim(C) for all Y ∈ O(C). We
compute ∑
X∈O(C)
sXY sXY ∗ =
∑
X∈O(C)
dXsXW
∑
W∈O(C)
NWY Y ∗
= dim(C)N1Y Y ∗ = dim(C).
Here the first equality is (57). The second equality is a consequence of orthogonality
of characters (59), since∑
X∈O(C)
dXsXW = dW
∑
X∈O(C)
dXhW (X
∗)
and the latter expression is equal to dim(C) if W = 1 and 0 otherwise. 
Corollary 4.24. Let C be a modular category. For all objects Y, Z, W ∈ O(C) we
have
(61)
∑
X∈O(C)
sXY sXZsXW∗
dX
= dim(C)NWYZ .
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Thus, the S-matrix determines the fusion rules of C.
For any Z ∈ O(C) define the following square matrices:
DZ :=
(
δXY
sXZ
dX
)
X,Y ∈O(C)
and NZ =
(
NWYZ
)
Y,W∈O(C)
.
Corollary 4.25. Let C be a modular category with the S-matrix S. Then DZ =
S−1NZS for all Z ∈ O(C), i.e., conjugation by the S-matrix diagonalizes the fusion
rules of C.
Proposition 4.26. Let C be a modular category and let X ∈ O(C). Then dim(C)
d2
X
is an algebraic integer.
Proof. We compute, using Proposition 4.23:
(62)
dim(C)
d2X
=
∑
Y ∈O(C)
sXY
dX
sXY ∗
dX
=
∑
Y ∈O(C)
hY (X)hY ∗(X),
where hY , Y ∈ O(C), are characters of K(C) defined in (58). Since hY (X) is an
eigenvalue of the integer matrix NX , it is an algebraic integer. Hence, the right
hand side of (62) is an algebraic integer. 
4.7. Modular group representation and Galois action. Modular categories
have important arithmetic features that we describe next.
The modular group is, by definition, the group Γ := SL2(Z) of 2 × 2 matrices
with integer entries and determinant 1.
It is known that Γ is generated by two matrices
(63) s :=
(
0 −1
1 0
)
and t :=
(
1 1
0 1
)
.
Let C be a modular category. It turns out that C gives rise to a projective
representation of Γ. This justifies the terminology. Namely, let S = (sXY )X,Y ∈O(C)
be the S-matrix of S and let T = (tXY )X,Y ∈O(C) be a diagonal matrix with entries
tXY = δX,Y θX .
The assignments
(64) s 7→ 1√
dim(C)S and t 7→ T
define a projective representation ρ : Γ → GL|O(C)|(k). When C is the center of a
fusion category this representation is linear.
Let N denote the order of T . It was shown in [32] that the kernel of ρ is a
congruence subgroup of level N (i.e., Ker(ρ) contains the kernel of the natural
group homomorphism SL2(Z) → SL2(Z/NZ)). For Hopf algebras this result was
established in [39].
The entries of S and T are integers in Q[ξN ], where ξN is a primitive Nth
root of unity [5, 6]. Furthermore, matrices in the image of ρ have the following
remarkable property with respect to the Galois group Gal(Q(ξN )/Q) (see [8] and
references therein). For every σ ∈ Gal(Q(ξN )/Q) the matrix Gσ := σ(S)S−1 is a
signed permutation matrix and
σ2(ρ(M)) = Gσρ(M)G
−1
σ
MORITA EQUIVALENCE METHODS 27
for all M ∈ Γ. In particular, there is a permutation σ˜ of O(C) such that
σ(sXY ) = ±sXσ˜(Y ) and σ2(θX) = ±θσ˜(X)
for all X, Y ∈ O(C).
4.8. Centralizers and non-degeneracy. Recall from [27] that objects X and Y
of a braided fusion category C are said to centralize each other if
(65) cY,X ◦ cX,Y = idX⊗Y .
The centralizer D′ of a fusion subcategory D ⊂ C is defined to be the full subcate-
gory of objects of C that centralize each object of D. It is easy to see that D′ is a
fusion subcategory of C. Clearly, D is symmetric if and only if D ⊂ D′.
Definition 4.27. We will say that a braided fusion category C is non-degenerate
if C′ = Vec.
For a fusion subcategory D of a non-degenerate braided fusion category C one
has the following properties, see [27] and [10, Theorems 3.10, 3.14]:
D′′ = D,(66)
FPdim(D)FPdim(D′) = FPdim(C).(67)
Furthermore, if D is non-degenerate, then
(68) C ∼= D ⊠D′.
Example 4.28. Let C be a non-degenerate braided fusion category. Let Cad be the
adjoint subcategory of C (see Definition 2.15) and let Cpt be the maximal pointed
subcategory of C. Then
(69) C′ad = Cpt and C′pt = Cad.
For the proof of the following result see [26] and [9, Proposition 3.7].
Proposition 4.29. The following conditions are equivalent for a pre-modular cat-
egory C:
(i) C is modular;
(ii) C is non-degenerate, i.e., C′ = Vec;
(iii) C is factorizable, i.e., the functor G : C⊠ Crev → Z(C) defined in (49) is an
equivalence.
Corollary 4.30. Let C be a fusion category. Then its center Z(C) is non-degenerate.
Proof. It is proved in [14] that Z(C) is factorizable, so the result follows from
Proposition 4.29. 
The following Class Equation was proved in [11, Proposition 5.7]. It is very
useful for classification of fusion categories, see Section 6.2 below.
Theorem 4.31. Let A be a spherical fusion category. Let F : Z(A) → A be the
forgetful functor. Then
(70) dim(A) =
∑
Z∈O(Z(A))
[F (Z) : 1]dZ ,
and dim(A)dZ is an algebraic integer for every Z ∈ O(Z(A)).
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Proof. Let I : A → Z(A) be the right adjoint of F . We have
(71) FI(1) ∼=
⊕
X∈O(A)
X ⊗X∗
and, hence, the dimension of I(1) is equal to
∑
X∈O(A) d
2
X = dim(A). On the other
hand, I(1) ∼= ⊕Z∈O(Z(A)) [F (Z) : 1]Z. Taking the dimensions of both sides of the
last equation we obtain (70). From Proposition 4.26 we know that dim(Z(A))
d2
Z
=(
dim(A))
dZ
)2
is an algebraic integer. 
Remark 4.32. Theorem 4.31 says that dim(A) can be written as a sum of algebraic
integers that are also divisors of dim(A) in the ring of algebraic integers. This is an
analogue of the Class Equation in group theory. Indeed, when G is a finite group
and A = Rep(G) then simple subobjects of I(1) are in bijection with conjugacy
classes of G and their dimensions are cardinalities of the corresponding conjugacy
classes.
We have the following relation between the Frobenius-Perron and categorical
dimensions, [11, Proposition 8.22].
Proposition 4.33. For any spherical fusion category A over C the ratio dim(A)
FPdim(A)
is an algebraic integer ≤ 1.
Proof. Let C = Z(A). By (21) it suffices to show that dim(C)
FPdim(C) is an algebraic
integer. Let S = {sXY } denote the S-matrix of C. The Frobenius-Perron dimension
is a homomorphism from K(C) to C, hence, it must be of the form (58). Thus, there
exists a distinguished objectX ∈ C such that FPdim(Z) = sZXdX for all simple objects
Z in C. Therefore,
FPdim(C) =
∑
Z
FPdim(Z)2 =
∑
Z
sZX
dX
sZ∗X
dX
=
dim(C)
d2X
.
Thus, dim(C)
FPdim(C) = d
2
X . The latter is an algebraic integer since d : K(C) → C is a
homomorphism. 
Now suppose that C is a pseudo-unitary non-degenerate braided fusion category
over C (so that there is a spherical structure on C such that dX = FPdim(X)). One
can recognize pairs of centralizing simple objects of C using the S-matrix.
Proposition 4.34. Let X, Y be simple objects of C. Then X centralizes Y if and
only if sXY = FPdim(X)FPdim(Y ).
Proof. If X centralizes Y then cY,XcX,Y = idX⊗Y and
sXY = dXdY = FPdim(X)FPdim(Y ).
Conversely, if sXY = FPdim(X)FPdim(Y ) then using formula (56) we obtain
FPdim(X)FPdim(Y ) = |sXY | = |θ−1X θ−1Y
∑
Z∈O(C)
NZXY θZdZ |
≤
∑
Z∈O(C)
NZXY FPdim(Z) = FPdim(X)FPdim(Y ).
The above inequality must be an equality, hence θZθXθY = 1 for all simple objects Z
contained in X ⊗ Y . By (51) this means that cY,XcX,Y = idX⊗Y . 
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4.9. Equivariantization and de-equivariantization of braided fusion cat-
egories. Let C be a braided fusion category and let G be a group acting on C
by braided autoequivalences (i.e., each Tg, g ∈ G, from (11) is a braided autoe-
quivalence of C). Then the equivariantized fusion category CG inherits the braid-
ing from C. Note that CG contains a Tannakian subcategory Rep(G) such that
Rep(G) ⊂ (CG)′.
Here we describe the converse construction, following [4, 26, 36]. Let D be a
braided fusion category containing a Tannakian subcategory Rep(G) such that
(72) Rep(G) ⊂ D′.
Let A be the algebra of functions on G. It is a commutative algebra in Rep(G)
and, hence, in D. The category DG of A-modules in D has a canonical structure
of a fusion category with the tensor product ⊗A. Furthermore, condition (72) al-
lows to define the braiding on DG. Thus, DG is a braided fusion category, called
de-equivariantization of D. There is a canonical action of G by braided autoequiv-
alences of DG induced by the action of G on A by translations.
As the names suggest, the above two constructions are inverses of each other.
Namely, there exist canonical braided equivalences of fusion categories:
(CG)G ∼= C and (DG)G ∼= D.
See [10, Section 4] for a complete treatment of equivariantization and de-equivari-
antization.
5. Characterization of Morita equivalence
5.1. Braided equivalences of centers. The following theorem was proved in [12,
Theorem 3.1]. It is a categorical counterpart of the well known fact in algebra that
Morita equivalent rings have isomorphic centers.
Theorem 5.1. Two fusion categories A and B are categorically Morita equivalent
if and only if Z(A) and Z(B) are equivalent as braided fusion categories
Proof. LetM be an indecomposable leftA-module category such that B = (A∗M)op.
As in Section 3.2, we can view M as an (A⊠B)-module category. It was observed
in [37] (see also [28]) that the category of (A ⊠ B)-module endofunctors of M can
be identified, on the one hand, with functors of tensor multiplication by objects
of Z(A), and on the other hand, with functors of tensor multiplication by objects
of Z(B). Combined, these identifications yield a canonical equivalence of braided
fusion categories
(73) Z(A) ∼−→ Z(B).
Conversely, let A and B be fusion categories such that there is a braided tensor
equivalence a : Z(B) ∼−→ Z(A). Let F : Z(B)→ B be the forgetful functor and let
I : B → Z(B) be its right adjoint. Then I(1) is a commutative algebra in Z(B)
and L := a ◦ I(1) is a commutative algebra in Z(A). We can also view L as an
algebra in A. Let
L = ⊕i Li
be the decomposition of L into the sum of indecomposable algebras in A and let
Mi denote the category of right Li-modules in A. Then the equivalence class of
Mi does not depend on i and B ∼= A∗Mi . See [12, Section 3] for details. 
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Thus, the Morita equivalence class of a fusion category A is completely deter-
mined by its center Z(A).
Remark 5.2. A more precise statement of Theorem 5.1 is given in [13, Theorem
1.1]. Namely, the 2-functor of taking the center gives a fully faithful embedding
of the 2-category of Morita equivalences of fusion categories into the 2-category
of braided fusion categories. In particular, for any fusion category A the group
BrPic(A) of Morita autoequivalences of A is isomorphic to the group of braided
autoequivalences of Z(A) and there is an equivariant bijection between the set
of Morita equivalences between A and B and braided equivalences (73). See [13,
Section 5] for details.
5.2. Recognizing centers of extensions. Let G be a finite group and let A be
a G-extension of a fusion category B:
A =
⊕
g∈G
Ag, Ae = B.
The center of A contains a Tannakian subcategory E ∼= Rep(G) whose objects are
constructed as follows. For every representation π : G → GL(V ) of G consider
the object Ypi in Z(A), where Ypi = V ⊗ 1 as an object of A with the permutation
isomorphism
γYpi := π(g)⊗ idX : X ⊗ Ypi ∼−→ Ypi ⊗X, X ∈ Ag.
Here we identified X ⊗ Ypi and Ypi ⊗X with V ⊗X .
The above property in fact characterizes G-extensions. The following statement
is [12, Theorem 1.3].
Theorem 5.3. Let G be a finite group. A fusion category A is Morita equivalent
to a G-extension of some fusion category if and only if Z(A) contains a Tannakian
subcategory E = Rep(G).
Remark 5.4. In the situation of Theorem 5.3 consider the de-equivariantization
E ′G, see Section 4.9. Then A is Morita equivalent to a G-graded fusion category
B = ⊕g∈G Bg with Z(Be) ∼= E ′G. In particular,
(74) FPdim(Be) = FPdim(A)
FPdim(E) .
Corollary 5.5. A fusion category A is group-theoretical if and only if Z(A) con-
tains a Tannakian subcategory E such that FPdim(E) = FPdim(A).
Proof. From (74) we see that A is categorically Morita equivalent to a G-extension
whose trivial component is Vec. Any category with the latter property is pointed
and is equivalent to VecωG for some 3-cocycle ω. 
6. Classification results for fusion categories of integral dimensions
6.1. Fusion categories of integral dimension. The following result is proved
in [11, Proposition 8.24].
Proposition 6.1. Let A be a fusion category such that FPdim(A) is an integer.
Then A is pseudo-unitary.
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Proof. It is shown in Proposition 4.33 that the ratio dim(A)
FPdim(A) is an algebraic integer
≤ 1. Let D := dim(A), let D1 = D,D2, . . . , DN be algebraic conjugates of D,
and let g1, · · · gN be the elements of Gal(Q/Q) such that Di = gi(D). Applying
Proposition 4.33 to the category gi(A) we see that dim(gi(A))FPdim(A) is an algebraic integer
≤ 1. Therefore,
N∏
i=1
dim(gi(A))
FPdim(A)
is an algebraic integer ≤ 1. But this product is a rational number. It must be equal
to 1 and so all factors are equal to 1. Thus, dim(A) = FPdim(A), as desired. 
Corollary 6.2. Let A be a fusion category such that FPdim(A) is an integer.
Then A admits a unique spherical structure aX : X ∼−→ X∗∗ with respect to which
dX = FPdim(X) for every simple object X.
Proof. This follows from Propositions 2.34 and 6.1. 
Proposition 6.3. Let A be a fusion category such that FPdim(A) is an integer.
(i) For any X ∈ O(A) we have FPdim(X) = √nX for some integer nX .
(ii) The map deg : O(A) → Q×>0/(Q×>0)2 that takes X ∈ O(A) to the image of
FPdim(X) in Q×>0/(Q
×
>0)
2 is a grading of A.
Proof. Note that if Y is an object ofA such that FPdim(Y ) ∈ Z then FPdim(Y0) ∈ Z
for any subobject Y0 of Y . Take Y = ⊕X∈O(A)X ⊗ X∗. We have FPdim(Y ) =
FPdim(A) ∈ Z. But X ⊗ X∗ is a subobject of Y for every X ∈ O(C). Hence,
FPdim(X)2 = FPdim(X ⊗X∗) ∈ Z. This proves the first part. The second part is
clear (cf. [18, Theorem 3.10]). 
Corollary 6.4. Let A be a fusion category such that FPdim(A) is odd. Then
FPdim(X) ∈ Z for any X ∈ O(C).
Proof. If A contains objects of irrational dimension then by Proposition 6.3 it has
a non-trivial grading by a 2-group and so FPdim(A) is even. 
Remark 6.5. Let Aad be the adjoint subcategory of A, see Definition 2.15. The
proof of Proposition 6.3 shows that if FPdim(A) ∈ Z then Aad is integral.
6.2. Fusion categories of prime power Frobenius-Perron dimension. Let p
be a prime number.
The following result is proved in [11, Theorem 8.28]. It is a generalization of the
result of Masuoka [23] in the theory of semisimple Hopf algebras.
Proposition 6.6. Let A be a fusion category such that FPdim(A) = pn for n ≥ 1.
Then A has a faithful grading by Z/pZ.
Proof. By Corollary 6.2, A has a spherical structure such that dX = FPdim(X) for
all objects X of A. In particular, Z(A) is a modular category. Let F : Z(A)→ A
and I : A → Z(A) be the forgetful functor and its right adjoint.
Let Z ∈ O(Z(A)) be a simple subobject of I(1). Since F (Z) ∈ Aad we conclude
by Remark 6.5 that FPdim(Z) is an integer. By Proposition 4.26, FPdim(Z) is a
power of p. Therefore, the right hand side of the Class Equation (70) must have
at least p summands equal to 1. These summands correspond to distinct invertible
simple subobjects of I(1). Hence, the Abelian groupG of such objects is non-trivial.
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Elements of G are in bijection with tensor automorphisms of idA. Consequently, A
has a faithful grading by Ĝ. Since G is a p-group, it has a quotient isomorphic to
Z/pZ that provides a desired grading. 
Corollary 6.7. A fusion category of prime power Frobenius-Perron dimension is
nilpotent.
Corollary 6.8. Let A be a fusion category such that FPdim(A) = p. Then A is
equivalent to VecωZ/pZ for some ω ∈ Z3(Z/pZ, k×).
Remark 6.9. Corollary 6.8 is a generalization of the classical result of Kac [20]
and Zhu [43] saying that a Hopf algebra of prime dimension is isomorphic to the
group algebra of Z/pZ.
Recall from Definition 3.18 that a fusion category A is group-theoretical if it is
categorically Morita equivalent to a pointed fusion category.
Let C be a braided fusion category. For any fusion subcategory L ⊂ C let Lco
denote fusion subcategory of C generated by simple objects X ∈ O(C) such that
X ⊗X∗ ∈ L.
Remark 6.10. The superscript co stands for “commutator”. The reason is that
for C = Rep(G) and L = Rep(G/N), where N is a normal subgroup of G, one has
Lco = Rep(G/[G,N ]), where [G,N ] is the commutator subgroup.
Theorem 6.12 is proved in [9]. Below we sketch its proof. The reader is referred
to [9] for full details.
Lemma 6.11. Let C be a nilpotent braided fusion category. There exists a sym-
metric subcategory K ⊂ C such that (K′)ad ⊂ K.
Proof. Let K be a symmetric subcategory of C. If the condition (K′)ad ⊂ K is
not satisfied then fusion subcategory E ⊂ C generated by K and Kco ∩ (Kco)′ is
symmetric and K ( E . Thus, any maximal symmetric subcategory of C satisfies
the condition of the Lemma. 
Theorem 6.12. Let A be a fusion category such that FPdim(X) ∈ Z for all X ∈
O(A) and FPdim(A) = pn for some prime p. Then A is group-theoretical.
Proof. By Corollary 5.5 it suffices to show that non-degenerate braided fusion cat-
egory C := Z(Z(A)) ∼= Z(A) ⊠ Z(A)rev contains a Tannakian subcategory E such
that FPdim(E) = FPdim(A)2.
This is achieved as follows. By Lemma 6.11, Z(A) contains a symmetric sub-
category K such that (K′)ad ⊂ K. This means that there is a faithful grading
K′ =
⊕
g∈G
K′g, with K′e = K.
We view (K′)rev as a fusion subcategory of Z(A)rev and set
E :=
⊕
g∈G
K′g ⊠ (K′)revg ⊂ C.
Then E is a symmetric subcategory such that E ′ = E (so that FPdim(E) = FPdim(A)2
by (66)). In the case when p is odd this subcategory E is automatically Tannakian.
When p = 2 one can show that existence of such E implies existence of a Tannakian
subcategory of the same dimension. 
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6.3. Symmetric subcategories of integral braided fusion categories. We
have seen in Theorem 5.3 that non-trivial Tannakian subcategories of the center
of a fusion category A are quite helpful in the study of the categorical Morita
equivalence class of A. In this Section we recall results of [12, Section 7] that
establish existence of Tannakian subcategories of integral modular categories under
certain assumptions on dimensions of their objects.
By Corollary 6.2 there is a canonical spherical structure on A such that dX =
FPdim(X) for all objects X in A and dim(C) = FPdim(C). So we will simply talk
about dimensions of objects and fusion categories.
Let C be a non-degenerate integral braided fusion category with braiding
cX,Y : X ⊗ Y ∼−→ Y ⊗X.
By Proposition 4.29 the category C is modular. Let S = {sXY } denote the S-
matrix of C. By (56) each entry sXY is a sum of dXdY roots of unity, so it can be
viewed as a complex number. We have
(75) |sXY | ≤ dXdY ,
where |z| denotes the absolute value of z ∈ C.
Lemma 6.13. Let X, Y be simple objects of C. The following conditions are equiv-
alent:
(i) |sXY | = dXdY ,
(ii) cY,X ◦ cX,Y equals idX⊗Y times a scalar,
(iii) X centralizes Y ⊗ Y ∗,
(iv) Y centralizes X ⊗X∗,
Proof. See [18, Lemma 6.5] and [10, Proposition 3.32]. 
Definition 6.14. When equivalent conditions of Lemma 6.13 are satisfied, we say
that X and Y projectively centralize each other.
Lemma 6.15. Let X and Y be two simple objects of C such that dX and dY are
relatively prime. Then one of two possibilities hold:
(i) X, Y projectively centralize each other, or
(ii) sXY = 0.
Proof. By (58), sXYdX and
sXY
dY
are algebraic integers. Since dX and dY are relatively
prime, α := sXYdXdY is also an algebraic integer. Indeed, if a, b ∈ Z are such that
adX + bdY = 1 then
sXY
dXdY
= a
sXY
dY
+ b
sXY
dX
.
Let α1 = α, α2, . . . , αn be algebraic conjugates of α. Then the norm α1α2 · · ·αn
is an integer. Since it is ≤ 1 in absolute value it must be either ±1 or 0. In the
former case |αi| = 1 for every i and so |α| = 1, i.e., X, Y projectively centralize
each other. In the latter case α = 0, i.e., sXY = 0. 
Corollary 6.16. Suppose C contains a simple object X with dimension dX = pr,
where p is a prime and r > 0. Then C contains a nontrivial symmetric subcategory.
Proof. We first show that E contains a nontrivial proper subcategory. Let us assume
that it does not. Take any simple Y 6= 1 with dY coprime to dX (such a Y
must exist since p divides dim(C) by Proposition 4.26). We claim that sXY = 0.
Indeed, otherwise X and Y projectively centralize each other by Lemma 6.15, so
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the centralizer of the category generated by Y ⊗ Y ∗ is nontrivial, and we get a
nontrivial proper subcategory, a contradiction.
Now let us use the orthogonality of columns (sXY ) and (dY ) of the S-matrix:∑
Y ∈O(C)
sXY
dX
dY = 0.
It follows that all the nonzero summands in this sum, except the one for Y = 1,
come from objects Y of dimension divisible by p. Therefore, all the summands in
this sum except for the one for Y = 1 (which equals 1) are divisible by p. This is
a contradiction.
Now we prove the corollary by induction in dim(C). Let D be a nontrivial proper
subcategory of C. If D is degenerate, then D ∩D′ is a nontrivial proper symmetric
subcategory of C, so we are done. Otherwise, D is non-degenerate, and by (68) we
have C = D⊠D′. Thus X = X1⊗X2, where X1 ∈ D, X2 ∈ D′ are simple. Since the
dimension of X1 or X2 is a positive power of p, we get the desired statement from
the induction assumption applied to D or D′ (which are non-degenerate braided
fusion categories of smaller dimension). 
Remark 6.17. Corollary 6.16 generalizes Burnside’s theorem that a finite group
G with a conjugacy class of prime power size can not be simple.
6.4. Solvability of fusion categories of Frobenius-Perron dimension paqb.
Recall from Definition 3.23 that a fusion category A is solvable if it is categorically
Morita equivalent to a cyclically nilpotent fusion category.
Proposition 6.18. A fusion category A is solvable if and only if there is a sequence
of fusion categories
A0 = Vec, A1, . . . ,An = A
and a sequence of cyclic groups of prime order such that Ai is obtained from Ai−1
either by a Gi-equivariantization or as a Gi-extension.
Proof. See [12, Proposition 4.4]. 
Let p and q be prime numbers.
Theorem 6.19. Let C be an integral non-degenerate braided fusion category of
Frobenius-Perron dimension paqb. If C is not pointed, it contains a Tannakian
subcategory Rep(G), where G is a cyclic group of prime order.
Proof. First let us show that C contains an invertible object. Assume the contrary.
By Proposition 4.26 the dimension of every X ∈ O(C) divides paqb. There must
be a simple object in C whose dimension is a prime power, since otherwise the
dimension of every non-identity simple object is divisible by pq and
FPdim(C) = 1( mod pq),
a contradiction. By Proposition 6.16 C contains a non-trivial symmetric subcate-
gory E . This category E is not equivalent to sVec since Cpt = Vec by assumption.
By Remark 4.7 E contains a non-trivial Tannakian subcategory Rep(G). The group
G is solvable by the classical Burnside’s theorem in group theory, hence, Rep(G)
must contain invertible objects.
Let Cpt be the maximal pointed subcategory of C. We claim that Cpt cannot be
non-degenerate. Indeed, otherwise C ∼= Cpt ⊠ C1, where C1 = C′pt by (68). But then
the above argument C1 contains non-trivial invertible objects which is absurd.
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Consider the symmetric fusion category E = Cpt ∩ C′pt. Let n = FPdim(E). If
n > 2 then E contains a non-trivial Tannakian subcategory. It remains to consider
the case when n = 2, i.e., when E = sVec (this can only happen if one of the primes
p, q is equal to 2). This situation is treated in [12, Propositions 7.4 and 8.3]. 
Corollary 6.20. A fusion category of Frobenius-Perron dimension paqb is solvable.
Proof. Let A be a fusion category such that FPdim(A) = paqb. We may assume
that A is integral. Indeed, otherwise A is an extension of an integral fusion category
by Remark 6.5 and the result follows by induction on FPdim(A) using Lemma 3.25.
The category Z(A) satisfies the hypothesis of Theorem 6.19 and, hence, contains
a Tannakian subcategory Rep(G), where G is a cyclic group of prime order. By
Theorem 5.3 A is categorically Morita equivalent to a G-extension of some fusion
category B. Since FPdim(B) ≤ FPdim(A) the result follows by induction. 
6.5. Other results and open problem. Using orthogonality of columns of the
S-matrix of a modular category one can prove several other classification results.
In particular, it was shown in [12] that integral fusion categories of dimension pqr,
where p, q, r are primes are group-theoretical. It was also shown there that fusion
categories of dimension 60 are weakly group-theoretical.
In a different direction, it was shown in [31] that integral braided fusion category
A such that every simple object of A has Frobenius-Perron dimension at most 2 is
solvable.
The following natural question was asked in [12]. The answer is unknown to the
author.
Question 6.21. Is every integral fusion category weakly group-theoretical?
Perhaps the arithmetic properties of S-matrices discussed in Section 4.7 can be
used in order to answer this question.
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